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Abstract 

The recent papers arXiv:1110.0971 and arXiv:1201.5431 have provided a super- 
field description for vector-tensor multiplets and their Chern-Simons couplings in 4D 
J\f = 2 conformal supergravity. Here we develop a superform formulation for these 
theories. Furthermore an alternative means of gauging the central charge is given, 
making use of a deformed vector multiplet, which may be thought of as a variant 
vector-tensor multiplet. Its Chern-Simons couplings to additional vector multiplets 
are also constructed. This multiplet together with its Chern-Simons couplings are 
new results not considered by de Wit et al. in hep-th/9710212. 
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1 Introduction 

The vector-tensor (VT) multiplet [U, |2] is an off-shell representation of M = 2 su- 
persymmetry with central charge, similar to the Fayet-Sohnius hypermultiplet [US]. Its 
physical fields consists of a real scalar, a vector and an antisymmetric gauge field and a 
doublet of Weyl spinors. The multiplet may be viewed as a dual version of the M = 2 
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Abelian vector multiplet, obtained by dualizing one of the two physical scalars of the 
vector multiplet into a gauge two-form. However they have different auxiliary fields: a 
real isotriplet for the vector multiplet and a real scalar for the VT multiplet. From the 
point of view of M = 1 supersymmetry, the VT multiplet consists of a vector and a tensor 
multiplet [5] [] On the other hand, the M = 2 vector multiplet decomposes into a sum of 
a vector and a chiral multiplet. 

Interest in the VT multiplet was revived in the mid-1990s [7], when its significance 
in the context of string compactifications was realized. In rigid supersymmetry the VT 
multiplet and its nonlinear version discovered in [HI [9] have become the subject of various 
studies in components [EJ [9] and in superspace [10] [HJ [12j [13j [HJ [15j [16]. In particular, 
a general harmonic superspace formalism for rigid supersymmetric theories with gauged 
central charge was developed in [IB"] . 

An exhaustive analysis of VT multiplets and their Chern-Simons couplings to vector 
multiplets in supergravity was given in [17], with the use of superconformal tensor calculus. 
As pointed out by the authors of [17] ; a superfield formulation was desired due to the 
complicated structure of their component results. Such a superfield formulation has only 
appeared recently in [BJ HE] , after suitable superspace formulations for Af = 2 conformal 
supergravity were developed [T9~t [2D]. 

In [6] the rigid supersymmetric results of [IB] were extended to conformal supergravity 
within the superspace formulation of [19J. This work presented two different sets of 
consistent constraints for the VT multiplet, the linear and non-linear versions constituting 
the two inequivalent cases of [17J. In principle the superspace formulation of [19] is 
sufficient to describe the VT multiplet, however it turned out that the superconformal 
formulation of [20] has a covariant derivative algebra that is simpler to work with, although 
it possesses a more complex structure group, SU(2,2|2). It provides a direct link to the 
methods of superconformal tensor calculus used by [UJ. In fact, Ref. [18] has made use 
of this formulation to lift the results of [UJ to superspace, recast them in a simpler more 
symmetric form and verify that the results in [6] describe the two inequivalent cases. 
However, the geometric origin of the constraints remains obscure. 

In our opinion, a more geometric approach is to develop a superform description 
for the VT multiplet by requiring its gauge one-form and two-form to be component 
projections of gauge superforms. The key difference with other superspace approaches 
is that it makes manifest the existence of two gauge fields (the one-form and the two- 
form), without the need to go to components. It should be mentioned that superform 

1 See also the recent paper [B] for a discussion in AdS. 
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formulations for the VT multiplet (and its Chern-Simons couplings) have been explored in 
[T0~| [Tlj 113] , where a complex centra 



describe the original VT multiplet £ 



charge was used in flat central charge superspace to 
In Ref. [10] a geometric description of the one-form 
was achieved through a basic complex spinorial superfield, W % a , constrained to yield the 
appropriate component structure. An alternative description in terms of 2-form geometry 
was given in [UJ [13] , where the basic superfield L describing the VT multiplet appeared 
explicitly in the construction and was constrained similarly. Although this approach has 
lead to a description of the basic VT multiplet in flat superspace, a superform description 
for the VT multiplet models of [17] still remains jf| 

This paper fills the gap in understanding of the geometric origin of the constraints 
found in [18]. We provide a superform formulation, differing from the formulations of 
[TO] ITlj [13] on some points. Firstly we employ a gauge one-form and two-form interacting 
via Chern-Simons couplings. Secondly we use a real central charge, which is sufficient for 
all known applications. A remarkable property of this formulation is that it allows the 
superfield constraints of [18J to be derived entirely from simple superform constraints. 

This paper is structured as follows. Section [2] provides a discussion of how to gauge 
a real central charge in M = 2 conformal supergravity and the basic superform struc- 
ture that will be used in the paper. Section [3] includes a discussion of the VT multiplet 
constraints in supergravity and gives its superform description in terms of one-form and 
two-form geometry, deriving the constraints for the VT multiplet from the Bianchi iden- 
tities. The superform formulation turns out to be very powerful and in section H] it will be 
seen that there is a possibility of gauging the central charge with a gauge potential with 
non-trivial action under the central charge. This leads to a new one-form and two-form 
formulation, providing one with constraints that describe a new locally supersymmetric 
multiplet with Chern-Simons couplings to vector multiplets. The simplest case reduces 
to the VT multiplet discovered by [2H [25] in flat superspace. 

Some technical appendices are also included. Appendix [A] contains a summary of the 
conformal supergravity formulation of [20J. Appendix [B] contains a useful note on solving 
Bianchi identities. A brief discussion of a 5D interpretation for central charge superspace 
is presented in appendix O Our notations and conventions follow those in [26] (and are 
summarized in [18] ). 



2 See also 21 for a description of a particular VT multiplet in supergravity with the use of "radical 
constraints" . 

3 See however, [33J[23] for an alternative approach using Free Differential Algebra. 



2 Gauging the central charge with a vector multiplet 



In this section we review how to gauge the central charge in conformal supergravity 
and describe gauge p-forms possessing central charge transformations. 

2.1 Setup 

We will use the superspace formulation for M = 2 conformal supergravity developed 
in [20] as reformulated in [18] (see appendix |A]) . To gauge the central charge we use a 
standard Af = 2 vector multiplet introduced via gauge covariant derivatives 

V A := V A + V A A , (2.1) 

where Va is the gauge connection for the vector multiplet and A is a real central charge. 
We require that the central charge obey the Leibniz rule and commute with the covariant 
derivatives 

[A,Va] = [A,V a ] = 0, (2.2) 

which requires Va to be annihilated by the central charge, AVa = 0. The gauge-covariant 
derivative algebra is then 

[V A , V b } = T AB C Vc + F AB A + ^R AB cd M cd + R AB kl Jki 

+ iR AB (Y)Y + R AB (B)B + Rab C K c , (2.3) 

where the torsion and curvature remain the same as those of V A , and F = \E B E A F AB 
is the field-strength for the gauge connection, V = E a Va, 

F = dV , Fab — 2V [A V B} - T AB C V C . (2.4) 

The presence of the one-form potential in the gauge covariant derivative algebra leads to 
the Bianchi identity for the field strength 

dF = , V [A F BC} - T [AB D F\ D \ C} = . (2.5) 

We then impose at mass dimension- 1 the standard vector multiplet constraints [27] 

F% = -2e^e aP Z, F'\: 2: u : y/, Z . F$ = 0, (2.6) 

where Z is a primary superfield with dimension 1 and U(l) weight —2, 

K A Z = , BZ = Z , YZ = -2Z . (2.7) 



4 



The Bianchi identities may then be solved giving 

Fai = \W%Z , F a ] = ~(a a )/V]Z , (2.8a) 

F ab = -^(a ab U(V^Z + 4W af> Z) + l(a ab ). $ (V^Z + AW^Z) , (2.8b) 
where Z is a reduced chiral superfield 

V^Z = , V ij Z = V ij Z , (2.9) 

and we define 

V ij . v-'V/, , V ;? := V|/V ?: " . (2.10) 
We note the following useful identity: 

V* a Vj =^(e^V« - e iJ 'V Q/3 ) - £% a/3 ^A + e^W.^ 

- ^ea/jV-vfcW^SJ - ^e^V^vKylT* . (2.11) 

In what follows we may also make use of additional abelian vector multiplets, W, 
which are described by a similar two-form field strength with the same constraints except 
with Z replaced with W. 

2.2 Supergravity transformations and superforms 

The supergravity transformations are realized on the gauge covariant derivatives as 
5 K V A = [K,V A \ , 

K = IC C V C + \lC cd M cd + K kl J kl + iK Y Y + /C D D + K A K A + CA , (2.12) 

where gauge parameters satisfy natural reality conditions. Given a primary tensor super- 
field U (with suppressed indices), its supergravity transformation is 

5 K U = KXJ . (2.13) 

From the local central charge transformation, parametrized by C, we can deduce the 
central charge transformation of Va 

5 C V A = [CA,V A ] & 5 C V A = -V A C, AC = 0. 
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Associated with the gauge covariant derivative is the gauge covariant exterior differ- 
ential 

V = d + VA , V = E A V A . (2.14) 

In addition to V with the property AV = 0, we introduce a new gauge one-form, 
V = E a Va which is not annihilated by the central charge, AV 7^ 0. We define the 
transformation law of V to be (compare with JITj) 

5V = CAV + dr , Ar = , (2.15) 

with T the gauge parameter associated with V. The field strength 

F:=W (2.16) 

transforms covariantly 

5 J 7 = CAF . (2.17) 

The one-form geometry for a vector multiplet may be thought of as a special case of the 
above formulation. 

Similarly we may introduce a gauge two-form, B = ^E b E a Bab-, and its three-form 
field strength, H, defined by 

H:=VB-r]WV } (2.18) 

where the coupling constant, rj, can be used to couple the one-form to the two-formE We 
define the transformation law of B to be (compare with [T7] ) 

SB = CAB + r]TdV + dA , AA = , (2.19) 

where A generates the gauge transformation of B. The field strength, H, transforms 
covariantly 

5H = CAH . (2.20) 

The Bianchi identities for the field strengths introduced are 

VJ 7 = FAV, VH = F(AB + r]VAV) -TiFF . (2.21) 

A remarkable feature of this superform structure (which reduces in components to the 
results of p2]) is that it is possible to rewrite it formally by treating the central charge 

The case of coupling to a number of one-forms as well as the special case where some of them are 
vector multiplets is straightforward. 
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as a covariant derivative with respect to an additional bosonic variable, z. To see this we 
first note that the condition (12.21) allows us to write 

AJ r = V(AV), AH = V(A.B) - 77AVVV - r/VV(AV) . (2.22) 

Now the superform equations (I2.2ip and (I2.22p . when written in terms of Lorentz indices, 
may be grouped together with the introduction of calligraphic index labels, i.e. A = (A, z), 
where z is thought of as corresponding to the central charge. Making the identifications 

•F zA := AV A , H zAB := AB AB + 2r 1 V [A AV B } , 
Tab z :=F ab , T Az b = 0, V z :=A, (2.23) 

we may extend the Bianchi identities (I2.2ip and the additional equations (I2.22p to 

^[aFbc} - T[ AB v 7\v\c} = , 

3 3 
^\aHbcv} - 2^\ab H\e\cv} + -^]F[abFcv} = . (2.24) 

These equations appear as 5D Bianchi identities and a brief discussion of their 5D inter- 
pretation is given in appendix O This 5D form involving calligraphic indices and with 
the identification made will be used in the next section for the VT multiplet, where we 
refer to them as the Bianchi identities for the one-form and two-form respectively. 



3 Vector-tensor multiplet in supergravity 

In this section we introduce the VT multiplet via its superfield. Making use of the 
superform formulation of the previous section, we will show that the superfield constraints 
follow from simple constraints on the one-form and two-form geometry. 

3.1 Vector-tensor multiplet 

The general superfield construction of [IS] , which agrees with the component construc- 
tion of [H El [17] is described in terms of a scalar superfield, L. It must be coupled to the 
central charge vector multiplet, Z but can also interact with a number of additional vector 
multiplets, W 1 with I = 2, ■ ■ ■ ,n. It was noted in [18] that the superfield constraints on 
L may be written in a symmetric form in terms of 

y' = (L,y J ), / = !,•■■, n, (3.1) 
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where Y 1 is the imaginary part of W 1 jZ 

The superfield L satisfies three constraints. The first constraint may be written as 

v^vjV 1 = -v^vSr* = o , (3.3) 

where the constraint for I — 2, • • • , n just follows from the chirality of W 7 and Z. 
The second constraint is 

= V i3 {ZY l ) + V^iZY 1 ) - Y*V ij Z , (3.4) 

where the constraint for I = 2, • • • , n follows from Bianchi identities satisfied by Z and 
W. An interesting note made in [6], [18] , as a generalization of an observation in [16J, was 
that the second constraint may be motivated from the first by considering a consistency 
condition. To see this we make use of harmonic variables u +t and = u +l (normalized 
by u +l u^ = 1), and demand L to be independent of the harmonics 

V~ L = 0, (3.5) 

where V = u~ l d/du +l is one of the left-invariant vector fields on SU(2). Applying 
successive gauged central charge covariant derivatives, 

V± := uf^ a , Vt := ufvi , (3.6) 

to the above condition and using the (anti-) commutation relations for the covariant deriva- 
tives gives the consistency requirement 

o = v+v+vtv^zr-L 

= D— V a+ V+Vtv d+ L + 8iV Qci V+V+L 

- 2V Q -V+V+V" + L - 2VTV" + V a+ V+L 

- 4A f(V + ) 2 (ZL) + (V + ) 2 (ZL) - \l(V + ) 2 Z - \l(V + ) 2 z) . (3.7) 

This restricts the constraints possible for L. Imposing the first constraint leads one to 
consider the constraint 

=A((V + ) 2 (ZL) + (V + ) 2 (ZL) - L(V + ) 2 z) , (3.8) 
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which is clearly satisfied by the second constraint (13 .4p . 

As we will see the first two constraints are enough to guarantee the existence of a 
gauge one-form, they do not however imply the existence of a gauge two-form. The gauge 
two-form requires a third and final constraint. This constraint was found in [18] to be 

= r]jjG 1Jij , (3.9) 

where the quantities G IJ% i are defined by 

G iJij ■= [ZV a{i Y t V i) Y J + -ZY ! V ij Y :j + -ZY :, V ij Y ! 

a 4 4 

+ l -Y ! V a{i Y J V j 2z + l -Y 3 V a{t Y ! v£z + c.c. , (3.10) 



and the numeric coefficients r/f j are given bj 

( Vu Vu 1 , o , -, , 

Vu = n > Vjj = Vji ■ I 3 - 11 ) 




The observation that the constraints for L can be rewritten entirely in terms of Y 1 
highlights the observation made in [9]. That is, that there exists a symmetry in the 
constraints. Furthermore, it is possible to make redefinitions of L 

V = L + cjY 1 , (3.12) 

where cj is some real constant, that leave the constraints of the same form (with redefined 
r] parameters). In [18] this was used to show that the non-linear case with Chern- Simons 
terms (i]ia = 0) may be taken as the general case. 

It is worth noting that the quantities G IJl i are related to the Lagrangian for the VT 
multiplet [18] E On their own they represent a composite linear multiplet, being primary 
and satisfying the condition 

They correspond to a total derivative in the action. In fact, they are generated from the 
general VT Lagrangian in [18J via constant shifts in the real part of W 1 /Z. 



5 This choice of rjjj matches those of [17] . 

6 Compare to the linear multiplet for the vector multiplet in 5D TV = 1 superspace 
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3.2 Gauge one-form 



In order to describe the one- form contained in the VT multiplet, we will make use 
of the one-form formulation introduced in subsection 12.21 The field strength, J 7 , for the 
gauge one-form, V, is constrained by the Bianchi identity 

V^Jbc} - Ty AB v F^c} = , (3-14) 

with the identifications defined in subsection 12.21 Inspired by the vector multiplet, we 
impose the constraints 

Fjp = 2ie a pe ij ZL , jf 3 =2\e^e l3 ZL , F a ? = , (3.15) 

where the central charge vector field, Z, is used to absorb the dilatation and U(l) weight 
of the superfield L, which we only assume to be real. The Bianchi identities then lead to 
the constraints on L, 

V (i V j) L = 

v a v a ^ u ' 

V ij (ZL) + V ij (ZL) - LV tj Z = . (3.16) 
The remaining components of J 7 are found to be 



T a % = ~(a a )p a (2ZV° j L + LV° J Z) , T a ] = ~(a a f a (2ZV aj L + LV aj Z) 



T* = -\{a ab ) aP {V af3 {ZL) + ALF a p) - \{a ah )^{V ^{ ZL) + ALF ap ) , 
F az = -\M^ k M}L. (3.17) 

After having derived the components given above, the final Bianchi identified 
V T — — V T —AT 4-T 

v ay az v a J za aa ~ ± aa •> fi z > 

V-,,.7 7 jft = — 2V[ J r 6]-y + Taj?-? gj + FabJ 7 z ^ + 2T^-T y b ] + 2Fj[ a J r zb ] , 
AJ-" a 6 = -2V[ a 7(|] z + Tab-J^jz + TafP-T^ , 
VfaJ^c] = T[ a tP-jFj^ + T\ah-Fyc] — F{abFc]z , (3.18) 

7 We use the shorthand a = % a and j3 = ? , 
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can be seen to be identically satisfied by making use of the following consequences of the 
constraints (I3.16P (see also appendix IB"]) : 

V l a ViL = ~e ij [V k a , V„ k }L + ie ij V a6l L , 

i 

2 



+ -W^(2ZV^L + LV^Z) , 



V^V^V^L = -4e aP ZAV-L - Ae^W^L . (3.19) 

We have constructed a one-form that is expressed in terms of the basic superfield L. 
The geometry uncovered clearly highlights the relationship of the first constraint (13.31) and 
second constraint H3.4[) for the VT multiplet with the one-form in the theory, ensuring its 
existence. 



3.3 Gauge two- form 

To describe a general VT multiplet coupled to several vector multiplets, W 7 , we make 
use of a straightforward generalization of the two-form construction presented in subsec- 
tion [2721 by coupling corresponding gauge one forms, V 1 , to the two-form, B. Denoting the 
set of one- forms by V 1 = (V, V 1 ) and their corresponding field strengths by T 1 = (J 7 , F 1 ), 
the three-form field strength is now defined b}J^| 

H = VB- -r ]n V t dV J , (3.20) 

with rjjj given by (13. lip . It follows that H obeys the Bianchi identity 

3 3 / 

^\aHbcv} - 2 T \ab H\ £ \cv} + -^Hj^\ab^cv} = > ( 3 - 21 ) 

with the identifications discussed in 12.21 and with F 1 z a — AV 1 a = 0. We then impose the 
constraints 

Ha$2_ = = H^j = Hafa = , 

H atL = H aij = 0, H a % = -2iSi(* a )fpH, (3.22) 

8 This definition reduces in components to those of [17] . Its generalization to a number of VT multiplets 
is straightforward. 
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where H is only assumed to be a real superfield. The Bianchi identities lead to an 
additional constraint on L 

n, .,(■ ''• = , (3.23) 

and constrain the lower mass-dimension components to be 

H z l a 3 p = e a pe v Z(p u L 2 + i?7i,r-g-L - rju - 2 j = e af) e t3 ZH , 

H*t = -e*t eij ZH , H z ^ = 0, (3.24) 

together with 

H = -\ m:] ZZY l Y" . (3.25) 
The higher mass-dimension components are more complex 



H4 = -\M Pa (4 Vu ZLV aj L + Vll L 2 v" j Z - VlJ V« j (- 
+ 2ir hl V" j LW I + irjuLV^W 1 ^ , 



H a by = 2(<J ab ) 7 a V^iJ , 



H abz = (a ab ) a ^- mi V a ^ZL 2 ) - - Vll LV a p(ZL) - -L 2 Vn F a p - ^ 17 V a/3 (LW J ) 

i 1 _ 1 w rr 

- ^VuLF a/3 - —riijVapy—^. — ) - -VuW a ^- 



Z 

H abc = ^e abcd (a d ) a % 1 (ZZL[V k , V 6fc ]L + 2V k a ZV 6lk ZL 2 - 4ZLV Ak ZV k L 

+ 4ZLV k a ZVa k L + 4ZZV k a LVa k L) - l -e abcdrill {ZL 2 V d Z - ZL 2 V d Z) 

- le abcd (<J d T«Vii(^(ZW I - ZW)[Vl V^L - iVlZV^LW 1 

- iV^ZVlLW 1 - iV^ZL^W 1 - iV*(ZL)V Afe W J ) 

+ \e abcd r]u{pJ d ZW - LZV d W + L^ d ZW - LZ^ d W) 

+ —e abcd (a ) rju \V ^ZV a y — - — J - V a ZV afc ^ — -= — j 
+ 2V*W / V (ifc W J ) 



- ^e abcd ri u (v d z(- 



- ZV d — — — ) +ZV d 



- V d Z\—^ — J - 2W T V d W J + 2V d W I W J ) . (3.26) 
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The last few Bianchi identities 




2AH abc = 6V [a H bc]z + 6T [ab lH c]zi + QT [ab iH c]zl + 3^^^ - ^ljH[a^i 



~j 

be] > 



V[ F 6cd] = -T [ab ?-H cd]l + -T[ ab ^H cd] ^ + -F[ ab H cd]z - -frjfjT^T^ , 



(3.27) 



can also be seen to be identically satisfied. 

The one-form and two-form geometry discussed in this section is a main result of 
this paper. Remarkably the complex component expressions of [17] . described by the 
constraints on L, may be recovered entirely from a simple looking superform structure 
and constraints on field strengths. Moreover, the precise relationship of the constraints for 
L with its form geometry is seen; the first and second constraints, ( 13.31) and (13 .4ft . imply 
the existence of a one-form and the addition of a third constraint (13. lOf) is necessary for 
the two-form. 

4 Gauging the central charge with a variant vector- 
tensor multiplet 

So far a standard vector multiplet, with the property AVa = 0, has been used to gauge 
the central charge. There is an alternative approach first developed in flat superspace 
[24"| [25] , which not only gauges the central charge but can be used to describe a "new" 
non-linear VT multiplet, which we will refer to as the variant VT multiplet. 

4.1 Gauge one-form 

To gauge the central charge, we introduce a new one-form, V = E a Va, which is not 
annihilated by the central charge. We use it to define the covariant derivatives 



V A := V A + V A A . 



(4.1) 
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Their ( ant i-) commutation relations are 

[V A , V B } = T AB C V C + l -R AB cd M cd + R AB kl J kl 

+ iR AB (Y)Y + R AB (Bp + Rab C K c + J^A , (4.2) 

where the torsion and curvature remain the same, and 

T = VV , 7 AB = 2V [A V B} - T AB C V C ■ (4.3) 

The field strength can then be shown to satisfy the Bianchi identity 

V.F = J^AV . (4.4) 

As in subsection 12.21 the Bianchi identity may be written in a 5D way with the use of 
calligraphic indices 

V [A F B c) ~ T [AB v F m c } = , (4.5) 

where now we define 

F zA '■= T zA z := AV A , T AB Z :=F AB , T zA B = , V z := A . (4.6) 

Note that since we want the gauge potential to not be annihilated by the central charge, 
Tzji is non-zero. Furthermore, as a consequence the central charge does not commute 
with 

[A,V A ]= F zA A. (4.7) 

We may then impose constraints on the field strength and analyze the consequences of 
the Bianchi identities. Inspired by the constraints for the vector multiplet we choose the 
"natural" constraints on the field strength 

7% = 2ie Q ^M , 7f 3 = 2k^e y M , P a ] = , (4.8) 

where M is not annihilated by the central charge. The Bianchi identities then lead to 
constraints on M 

MV'(f) + MV«(§H, («) 



14 



and the remaining components 



Fz a = ^ Q M = V>(M) , = Vfln(M) 



= l -(a a )^(W k Vtln(M) + viv^ln(M)) , 

T ah = ~M aP M(v a p(^) - 4W a/3 ) + c.c. (4.10) 
The components satisfy the Bianchi identities 

A7 7 ——V T — V T + T ^T- 

L - XJ aa v a* 7 za v a* 7 az ■ L aa J fi z i 

VyJ 7 2b = — 2V[ .F&]2 + Tab-? &y + F ib? zj + ^T^jJ-F ^] — 2J%y[ a J 7 ft] 2 , 

AJ-'afo = — 2V[ a J-fc] 2 + Tab-Fjz + Tgj^-Tjz , 

VjaJ'bc] = T^b-^yc] + ^|a6-^7c] — F[abFc]z ■ (4-H) 

We note that although the central charge does not commute with the gauge covariant 
derivatives due to J 7 ^, the operator MA commutes with V* a , 

[MA,VjJ = 0. (4.12) 

The superfield M contains too many degrees of freedom. In order to describe a theory 
of multiplets with 8 + 8 degrees of freedom (like the VT multiplet] we must fix some of 
them. From now on we constrain the theory by making the choic^j 

M = Ze iL . (4.13) 

In the rigid supersymmetric limit with Z = 1 this corresponds to the choice made in [25] . 
However it does not completely determine the multiplet and additional constraints will be 
imposed with the use of the one-form and a two-form geometry. So far the components 
of T are 

•^4 = le- [L (a a )^Vi(Ze 2iL ) , = l -j L {a a )Jv«{Ze^ L ) , 

T az = liaJrtW*, Vi]L , 

= -k°ab) al3 e lL (V a p(Ze- 2iL ) - m afi Z) + c.c. , (4.14) 
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We note that the transformation M — ¥ RM for R an arbitrary real superfield preserves the form of 
the constraints (|4.9[) . However, the one- form and its field strength undergoes non-trivial deformations. 
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where the superfield L is constrained by 

Vi i Vi ) L = 0, (4.15) 
e iL V tJ (Ze~ 2iL ) + e- [L V ij (Ze 2iL ) = . (4.16) 

The last few Bianchi identities may be shown to be identically satisfied with the help of 
the identities 

V l Q Vj V^L = 4ie al3 Ze [L A V %L - Ae^W^V^L , 
V*(e- iL V a e(Ze* L )) = -e-v-V^Z^T* - ^(e^V%{Ze^)) 

-ie- iL %(Ze^ L )[V l r V $)l ]L, 
V* (e iL V Q/3 (Ze" 2iL )) = e iL V af3 (Ze- 2iL )^ - 4ie 7(Q V^ (e^V^ {Ze 2iL )) 

+ ie- iL e 7(a [V^, V Aj }LV &k (Ze 2iL ) , 

AF aP = - \ALT afi - l -e- iL V\ a ZAV m L - l -Ze~ iL AV a pL 

+ iZe- [L AV k {a LV m L - e lL W aP ZAL . (4.17) 

An interesting observation, discussed in subsection 13. 1\ was that the second constraint 
(13. 4 p can be motivated from the first constraint (13. 3 j) by a consistency requirement. One 
would expect a similar situation for the variant VT multiplet. Starting with the condition 
that L is independent of the harmonics 

V~~L = , (4.18) 

we apply successive gauged covariant derivatives. Their (anti-)commutation relations lead 
to the consistency requirement 

= V Q+ V+V+V" + V— L 
= V V a+ V+VtV d+ L + 8iV Q "V+vtL 

+ 2A(V L (V+) 2 (Ze~ 2iL ) + e- iL (V + ) 2 (Ze 2iL )) 

- 2iAL(V L (V + ) 2 (Ze- 2iL ) + e- iL (V + ) 2 (Ze 2iL )) , (4.19) 

which is clearly satisfied by the second constraint in (I4.16p . In the above we have made 
use of the following identity: 

V' a Vj =\{e aP V 1 ' - e«V^) + ie l3 e aP Ze iL A + e^e afi W. h W & 

- -e^V^W^Sj - l -e^e aP V^W^K^ . (4.20) 
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The constraints imposed still do not define an irreducible multiplet, and an additional 
constraint is required. This issue will be addressed in the next subsection. 



4.2 Gauge two-form 

Building on the insight gained from the standard VT multiplet we will impose an 
additional constraint with the use of a gauge two-form. We introduce the three-form field 
strength for the variant VT multiplet 

H = VB- ^VijV i dV j , (4.21) 

where B is the gauge two-form and F 1 = (F, F 1 ) is a set of vector field strengths with 
corresponding gauge one-forms V* = (V, V r )\^ The three- form field strength H then 
satisfies the Bianchi identity 

3 3 ? i 

^\aHbcv} - 2 T [ab H\ £ \cv} + -^Vij F [ab f cv} = • ( 4 - 22 ) 

Note that due to the Bianchi identities satisfied by Tab = Tab z , introducing terms like 
FT or TT on the right hand side of (14.221) (and their corresponding terms in (14.211) ) only 
shifts the H z ab components and does not impose additional constraints. We now impose 
similar constraints to that for the standard VT multiplet 

Hapy = = Haj^ = H^fa = , 

^ = ^ = 0. Hj p l = -2i5i(a a )^H , (4.23) 

where H is only required to be a real superfield. The Bianchi identities then lead to the 
additional constraint 

e~ lL V ij (ZKe 2iL ) + e iL V lJ (ZK e - 2iL ) = , K = r hl + Vu^ + ViJ- 1 ^- , (4-24) 
and constrain the lower mass-dimension components to be 

HjJ p = -ie a ^ZKe- iL , H** = -ie^e tJ ZKe [L , 

H z ^ = 0, Hj p l = -2i5i(a a )^H , (4.25) 

where 

H = - l -ZZ (2t7u(cos(2L) + 1) + m {\ + e 2iL )^- + 7^(1 + e~ 2iL )^ 

+ Vu(e 2lL ^- + e- 2lL ^- + 2-^g-)) • (4.26) 
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Here the field strength F and its gauge potential V corresponds to the vector field Z. 
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The higher mass-dimension components are then found to be 

H a k = \(a a )Se iL vl(ZKe-* L ) , H az \ = ~(^ a V^V£(i^ e 2ii ) , 

H ab k = 2(<T a 6) 7 a V^if , H ab l = 2(a ab y A '^kH , 

H abz = -^(a ab ) a Pe- iL (V a p(ZKe 2iL ) + 4W a pZK) + c.c. , 

H abc = ^e abcd {o d ) a «(^ZZ(Ke 2 ' L - K e - 2iL )[V k a , V &k ]L + 2 Vn V k a ZV &k Z 

+ mV^WV^Z + mVlZV^W + 27 /7J V^>V / V (ifc >V J 

- e 2iL V &k ZV k a (ZK) - 2iZKe 2iL Va k 2V k a L - 2iZe 2iL V &k LV k a (ZK) 

- 4ZZ(Ke 2iL + Ke- 2iL )V k a LV Ak L + e~ 2iL V k a ZV &k (ZK) 

- 2ie~ 2iL ZKV k a ZVa k L - 2iZe~ 2iL V k a LV &k (ZK)) 



+ -e abcd (2 Vn ZV a Z - 2 Vu ZV a Z - m WV a Z + m ZV a W 
- ri u ZV d W + i] U WV d Z - 2r ]lJ W I V d W J + 2r }u W I V d W J 
+ ZKV d Ze 2iL - ZV d {ZK)e 2iL + ZV d {ZK) e - 2iL - ZKV d Ze~ 2iL ) . (4.27) 



The last few Bianchi identities 

AH ab j = 'V^Hahz — 2V[ a ifb] 27 — T ab -H zl s — 2T^ a -H h ^ 

2VjH abc = 6V[ a if fec ] 7 + QT^H^z^ + QT^-H^s + 6T[ ab -H c ^ + QT^-H^g 
+ %J-^[a6-^ c h ~ 3r]jjF^ [a F b J c] , 

AH abc = 3V[ a if bc ] 2 + 3T[ ab ^H c ] zl + 3T[ ab ^-H c ] Z j — 3F z [aHbc]z , 

3 3 3 3 f " 

^[ a H bcd ] = -T [ab 1H cd]l + -T[ ab lH cd] ^ + -^F\abH c d\z - -^Vfj F [ab F cd] ■ (4-28) 

can be shown to be identically satisfied. 

This completes our construction of the variant VT multiplet and its Chern-Simons 
couplings to vector multiplets in = 2 supergravity. 



5 Discussion 

In this paper, we have obtained several results. Firstly, we have constructed a su- 
perform formulation for the general VT multiplet system given in [17] (and later lifted 
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to superspace [IS])- A remarkable feature of this formulation is that the constraints of 
[18] were shown to be reproduced from a rather simple looking superform structure and 
constraints on field strengths. Furthermore the first two constraints of [18], equations 
(13. 3 p and (13.41) . were shown to follow from the one- form geometry with the additional 
constraint (I3.10P being related to the existence of the two-form coupled to the one-form 
with the use of Chern-Simons couplings. These results highlight the geometric origin of 
the complex expressions in [TT] . 

Our second main result is the new procedure to gauge the central charge in conformal 
supergravity - namely, by making use of a variant VT multiplet, which has as its basic 
property a gauge potential with nontrivial action under the central charge. Its one-form 
geometry generalizes that of the vector multiplet. An additional constraint following from 
a two-form formulation is used to constrain the number of component fields to that of a 
VT multiplet. The constraints can be written in a neat form and include the presence of 
Chern-Simons type couplings to vector multiplets. Furthermore, the variant VT multiplet 
in the rigid supersymmetric limit and with rju = rjjj = reduces to the results found 
in [241 [25] Moreover it is conceivable that the new procedure of gauging the central 
charge will lead to new couplings of multiplets to supergravity!^] 

One of the advantages of the superform formulation is that the component one-form 
and two-form are built into the theory ab initio. It follows that the supersymmetry 
transformations close on the component fields, which appear in the component projection 
of the superforms. Making use of the component reduction methods of [IB] one can then 
reproduce the component results of [17] straightforwardly via component reduction. As a 
result the superform formulation proves to be a powerful tool in describing multiplets in 
supergravity. 

In order to describe the dynamics of the variant VT multiplet we require an action. 
The action for the VT multiplet of [IT] may be constructed with the use of a composite 
linear multipletF^l. worked out in terms of superfields in [6] [18]. For the case of the 
variant VT multiplet, it is already known that in the flat case the linear multiplet must 
be modified [25J. Motivated by the flat case, one expects that in supergravity we need a 
real isospinor superfield, D\ satisfying a modified constraint 

V%(e iL £ jk) ) = . (5.1) 

The reason for this modification will be discussed in [30J. 

11 The constraints of [25] differ by a constant shift in L. 
12 This issue will be further discussed in [50] . 

13 It is known how to do this in the case of harmonic superspace [55] . 
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In order to obtain the action corresponding to the variant VT multiplet we need to 
find a composite £ u built from the basic superfields. Considering the constraints we can 
immediately write down a candidate for the Lagrangian 

C ij = ^e~ iL V ij (ZKe 2iL ) = ~e iL V ij {ZKe~ 2iL ) . (5.2) 

However in the flat case (and with rju = rjjj = 0) this can be shown to correspond to the 
total derivative Lagrangian in [25]. It was noted in [25] that the Lagrangian found from 
considering an ansatz possessed a particular symmetry. This is to be expected since the 
constraints remain invariant under the shift L — > L + 2tt and so we expect the action to 
also possess such a symmetry. Thus a shift by 2tt can only shift the Lagrangian by a total 
derivative F^l This leads one to consider a candidate for the Lagrangian of the form 

C ij = l -e' lL V ij (ZKLe 2 ' L ) + ■■■ + c.c. , (5.3) 

where • • • represents terms that are invariant under the shift. Then one can show that 
the 'linearity' condition (15. ip fixes the remaining terms 

C ij = }. e - iL v ij (ZKLe 2iL ) - e-'^ZK^L^L - ^ e - iL V ij {ZK) + c.c. (5.4) 

This Lagrangian is a new result and corresponds to the variant VT multiplet with Chern- 
Simons type couplings in supergravity, reducing in the flat case (and with rju = rju = 0) 
to the result found in [25J. The corresponding action principle will be discussed in a 
separate paper [30J. 
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A Conformal superspace 

This appendix contains a brief summary of conformal superspace of [20] Consider a 
curved 4D J\f = 2 superspace A'f 4 ' 8 parametrized by local bosonic (x) and fermionic (9, 9) 
coordinates z M = (x m , 9%, 9^), where m = 0, 1, • • • , 3, \x = 1, 2, fi = 1, 2 and % = 1, 2. 



14 The analogous case for the standard VT multiplet was briefly discussed in subsection 13. II 
15 The conventions here differ; see however IT51. 
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The Grassmann variables Of and 9^ are related to each other by complex conjugation: 
0f = The structure group is chosen to be SU(2,2|2) and the covariant derivatives 
V A = (V , V* Q , Vf ) have the form 

V A = E A + l -Q A ab M ab + + i$ A Y + B A B + $ A B K B 

= E A + Q,/iM M + Cl/m h + ^ + i$ A Y + fiA© + • (A.l) 

Here E A = E A M (z)8m is the supervielbein, with 8m = 8/8z M , Jki = Jik are generators 
of the group SU(2)r, M ab are the Lorentz generators, Y is the generator of the chiral 
rotation group U(1)r, and K = (K a , Sf, S 1 ^) are the special superconformal generators. 
The one-forms Q A bc , § A kl , & A , B A and $ A B are the corresponding connections. 

The generators act on the covariant derivatives as 

[M ab , V c ] = 2 Vc[a V b] , [M ab , VjJ = {a ab )J% , [M ab , Vf ] 

[y,vl] = vl, [r,vf] = -vf, 

[D,V ] = V a , [D, V* a ] = i V a , [D,Vf] = ^Vf. 

Finally, the algebra of K A with is given by 

[K a , V 6 ] = 25 6 a © + 2M a 6 , 
{S?, Vj} = 2^B - 4<^M% - <^Y + 4^ JJ , 
V/} = 2*$B + 48>mJ + <^Y - 46*^ , 

v J ,] = -iK)/5j , vf ] = - V) Vtf , 

[5?, VJ = ifo^V? , [5* , V 6 ] = ifa^Vj, , (A.3) 
where all other (anti-)commutations vanish. 



(A.2) 
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The covariant derivatives obey the ( ant i-) commutation relations: 

{VL, Vj} = 2e i ie a pW.gM^ + ^e afi % k Wi*St - ^ s a$ V ^W^K^ , (A.4a) 

{Vf , V? } = -2e l3 e^W^ 5 M l5 + jUj-e^V^WVS* - h^V^W^K^ , (A.4b) 
J i z 

{Vi,Vf} = -2i5]V/, (A.4c) 
[V ad , = -fc,* W^V* - ^V^D - '-e^W^Y + i. „ ; V/ir w ./ ; ' 

+ \e a ^lV\W^K^ , (A.4d) 

[v ad , vf] = i^w^vf + ^vfw^B - ^vfw^y + i^v«w^j y 
+ wjvf + ^v Q ,v«wys Tj - ^jvfyv^s? 

+ -/.V m V\W Pl K^ . (A.4e) 



The complex superfield W a p = Wp a and its complex conjugate := W a p are super- 
conformally primary, K^W^ = 0, and obey the additional constraints 

Vf W M = , V a ^ a/3 = V^W-p , (A.5) 

where 

V*p:=V\ a Vn k , := V<V> fc . (A.6) 

As an easy lookup a list of the non-vanishing torsion components is given below: 
Tj a = -2i5){a a )J , 



T a ^ = 7 K fe )^V^ Q/3 , Tj. = -{d ab )^V\W.p . (A.7) 



B A note on solving Bianchi identities 

When solving Bianchi identities for a superform one imposes constraints and solves 
the components in terms of superfields. Once all the components are found the remaining 
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Bianchi identities remain as consistency checks. However it can be seen that beyond a 
certain point the remaining Bianchi identities are identically satisfied^ To see this we 
start with a £>-form, H, with a gauge potential B 

H = VB. (B.l) 

This superform then satisfies the Bianchi identity 

^[AiHa 2 -a p+1 } ~ 2 T [AiA2 £ ' H\£\A3-Ap+i} = > ( B -2) 

where we adopt the 5D notation discussed in the the paper and we allow for the possibility 
that the central charge may be gauged with a vector multiplet or a variant VT multiplet. 
Denoting 

lAi-A p+ i '■= 'V[AiHa 2 -a p+1 } - 2 T [AiA2 C H\c\a 3 - -A p +i} , (B.3) 
we want to check that 1 = 0. Its Bianchi identity can be rewritten as 

^{aJa 2 -A p+ 2} ~ ^— T [AiA2 Cl \C\A 3 -A P+ 2} = • ( B - 4 ) 

Suppose now that all Bianchi identities for H are satisfied except for those corresponding 
to 

lai—dp— iZxx j I a\---a p a j Ia\---a p z j Ia\---a p +\ i 

i.e. all lower mass- dimension components of / vanish. Then setting A\ = a± , ■ ■ ■ , A p -2 — 
dp-2 , Ap-i = z ,A P = a , A p+ i = (3 , A p+ 2 = 7 in equation (IB .4ft gives 



T (al I j)bai-a p -2Z ~ , (B.6) 

which due to the form of the torsion gives 

Iai-a p -iza = . (B-7) 

Similarly setting A% = a\ , ■ ■ ■ , A p -t = a p _i , A v = a , A p+ i = f3 , A p+ 2 = 7 leads to 

I ai -a p a = • (B.8) 

Setting A\ = a\ , ■ ■ ■ , A p -\ = a p _i , A p = z , A p+ i = a , A p+ 2 = (3 gives 

I ai -a pZ = . (B.9) 

We can similarly deduce 

Ia v ..a p+1 = • (B.10) 

Thus it follows that the remaining Bianchi identities are identically satisfied. A general- 
ization to the Bianchi identities of the two-form geometry for both the VT multiplet and 
the variant VT multiplet discussed in the paper is straightforward. 



16 I am grateful to Daniel Butter for pointing out this procedure, which is similar to that used in 
supergravity (e.g. Dragon's Theorem). 
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C A 5D interpretation 



The observation in subsection 12.21 suggests that it is natural to think of the central 
charge as an additional covariant derivative. In flat central charge superspace, Ref. [TD1 
ITT| [T5] showed that the central charge may be thought of as a derivative with respect to 
an additional bosonic coordinate, z, and thus we may interpret the central charge as a 
transformation along z. The generalization to supergravity was discussed in [21], where 
it was used to describe a particular VT multiplet. Here we discuss a similar construction 
for the case of a real central charge. 

In addition to the superspace coordinates, z M = (x m , Off, 6^) we have a real bosonic 
coordinate, z, 

z M = (x m ,9?,6l,z) . (C.l) 
We can then introduce a supervielbein, 

d 

E A = E A d M , d M = -q^m > (C2) 

where Ea m is the usual vierbein and E z is added for the sector corresponding to the 
central charge. We then introduce the covariant derivatives 

V.4 = E A + $4 , (C.3) 

where the connection $^4 takes values in the structure group of the superconformal for- 
mulation of [18] . The connection Q A may also in principle contain phase transformations 
in the central charge sector [31], however we will assume this is not the case. The super- 
gravity transformations are then generated by local transformations of the form 

6 t V A = [£,V A ] , 

t = JC c (z)V c + ^IC cd (z)M cd + lC k \z)J kl + i/CyF + /C D © + K A K A , (C.4) 

where the parameters satisfy the usual reality conditions. 
The covariant derivative algebra is of the form 

[V.4, V B } = T AB C V C + ^RAB cd M cd + R A B kl Jki 

+ iR AB (Y)Y + %(D)D + R AB C K C . (C.5) 

Now we define a gauge one- form, V = E A V A , with transformation law 

sv A = icv A + v^r , (c.6) 
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where T is the gauge parameter associated with V. Its two-form field strength, T = 
\E B E A T AB , is 

T := dV , (C.7) 

where d is the 5D exterior derivative 

d = dz M d M . (C.8) 

We may introduce a gauge two-form, B = \E B E A B AB , with the transformation law 
5 t B AB = fcB AB + V T^ AB + 2V [A A B} - T AB C A C , (C.9) 
where A generates the gauge transformation of B. Its three-form field strength, H, is 

H :=dB , (CIO) 

The Bianchi identities are then 

dj 7 = , Vj^J'bc} - T\ab D ^\D\C) = , 

1 3 3 

dH = -^V^J 7 , ^[aHbcv] - -T[ AB £ H\ £ \cv} + -V^ab^cv} = . (C.ll) 

The component expressions for the Bianchi identities above are formally the same 
as those derived in the paper under particular identifications. However, the superspace 
structure contains too many component fields and must be constrained via a choice of 
constraints. A choice of constraints may be motivated by the structure of 4D curved 
superspace with gauged central charge (for the vector and variant VT cases). We will 
leave the analysis of the constrained geometry for a discussion elsewhere. 
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